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MotivaKon

Let X be a Smooth
quasi

- project Complex algebrale varie}
Assume that J action È? X

.

Lat X
c'
*

be the fixed point locus .

Letti :XÈ
.
X be the incheon

.

We with see that the Theory of equwanantcohomdogy guarenteas that J

E : ti IN s Hjk

Malik -Okomkois goal : constata map in the otter direction :

stato : t' X st'* (D -

"

stable ewebpe
"

Plan of the lectures :

1
.

The (a) homology thrones we head to work with

2
.
Actions on vanitas mo We head to more to the

"

qui
variant world

"

3
. Sympleokcgeomety and relations with t ) and (a)
4
. Stable envehopes : exSteve and una}
5

.

" : symplectc resohkons case
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Borel -Moore homobgy

Goal : define a homobgy theory H!
"

(- )
,

with complex coefficiente, for complex

algebraiclandykc vanekes , su it that :

• •variant w.r.t.pro per morphsms : f:X→Y pro per ⇒ H!
"

(X)
⇐

s t!
"

(Y )
• contavanant w.it

.
t.ci

. morphisms : f :X-Y I.c. i . ⇒ H!
"

(Y)
'
*

> tl?" (X)

• I fondamenti class G)e

HII.my/NAttenkon:differenceswithsingularlco)homdogy
theory

1
.

Gwen a continuousmapf:X→ Y between topologica spaces :

"
*
f) is • variant

,
i. e
,
H
*
(X)

¥
sti
* (Y)

H ) is contrariarmi
,

i. e
,
H

'
*

SHIN

2
.

Lett be a progettare Smooth rreduable complex algebraivanety of din n .

2h

Then X is a compact oriented an - dimensional real mani fold .
This

,
Hank) e &

with generator the fondamenti class
.

References for Borel -Moore homohgy :

• Ecco] (hriss, Ginzburg - Representakon theory and complex geomety ( Chapter 2)
• ETIJ Fulton - Intersect Theory
• f-2) Fulton - Young Tableau ( Appenda B)
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Basic Reference for Algebra ic Geometra : Harthome
, Algebra, Geomety (Chapter 1)

Assumpkon : let X be a complex algebraio ( lanalykc) variety .

From now on
,

simply
"

variety
"

Attention

1
.

This ass un phon is my strong : one can work with a large class of
"

rcasonable
"

Spaces

(see LCG, Seton 2.6) ) .
2

.

It would be dear that for a complex algebra, e varie} X, H!
"

(X) = H!
"

(X
"

)
(X
"

= analgkficaKon of X - see El , Appenda B) )

We are gang
to
gin 3 equivalente definitons of the Bord -Moore homology H!

"

(X) of

a variety X :

• Def
.

"

Lady Finite
"

• - n-

"

1- point compactficaton
"

• - n-
"

Poincaré dwahty
"

Remark :

1
.

In (G) you can End all the references , where the equivalences between these defs

are prove
d

.

2
.

a sheaf theorekc definition of the BM homdogy : tl?
"

(A) = ti X, Dx)
ID
,
= dvalizmg sheaf-cf.GG, Sutton 8.3 , Formula (8.3

.
7))
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Definition (LF = Locdly finite chains)
Fix io 21

» .

Let c?
"

(X) be the free abehan group
with basis the format infinite sums

§ a, •
in contest with singolar

homobgywheieag.cc
,
6 :
Di > X continuas

,

and the sum is finite in the following senso :

VDCX compact , J onlg finite} manga. # o set. D no (D) to

We have a chan complex : . . _
→ G
"

(X)
°

> CI
"

(X)
°
sc?

"

(X) so

where d is the boundary map of singolar chains .

Set H?TX) Kent :c?
"

.ci?lN)/ImlO:c:ilNsc?YN)Exercise:EfX
is compact (as a topologico space) : c!

"

(X) =↳ (X) ⇒ H?
"

(X) - Hi (X)

Definition ( IPC = 2 - point compactKeaton)
I = Xv {a } = 2 - point compactKeaton of X .

Then

H!
"

(X) = H
*(I , ao ) (= singolar relative homohgy of the pair (I.a) )
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Definition (PD = Poincaré duali} )
Let M be a Smooth oriented man , fold of dimp.M-m.tt X -a M be a closed embedd

]
as a topologieal Space .

Then

> cf. Agusta pace ,Broglia,
H?
"

(X) e tini (M
,
Mi X) Togmdi

,

Annali della SNS

1979

Remark

1. H!" (X) doesnotdepend on the embeddmg (see e. g. Fulton, Young Tableau . Appenda B, lemmasi , 2)
2

.

It X is Smooth
,
one

mag
ihoose M=X. This we have

Him = ti
-

il

Fumatorial properties of Borel - Moore

homdogy@Properpvshforward.DefinikonWesay
that a continuare mapf:X→Y between topologica Spaces is paper if V Dc Y

compact, f-
'

(d) e X is compact as welt .

Let f :X → Y be a continuovs map
between loca} compact

Hausdorff Spaces .
f is pioper ciao

f is universoµ closed
.
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Remar K J a motion of proper morphismbetween algebra , e variekes . Not that if t:X→ Y is a pro per

morphism between algebraè vanekes , f :X
"

' Y
"

is
paper in

the topologica senso
(for the complex topdogy) .

Example : A closed embeddmgbetween algebraa vanitas is a proper morphism - EH
, Chapter It,

Grdlay 48 - (a) ) .

ah ahIo position Let XY be algebra icvanekes .
Lett:X → Y be

aproper map .

Then
,

then exists

pro per pushforwarding % : H!
"

(X) stl!
"

(Y)

Remark

1
.

Use definition 1PC to
prove

the existerica
.

2
.
H!
"

(- ) is covenant w.r.t.proper maps , i. e. , one has (go f)* = g. * o -4 far g
: l'→ 7 proper .

• Long exactSequence .

We observe that for an open embedchng U X J a natural restoKon morphism :

È : H!
"

→ Hiv,
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Remark : lett :-. Xiv and MINI
.

Then g
"
is gwen by

ti Mmx) sti no
,
ii.y

Consideri
a closed embeddng i :X- X

,
set U = X. F. This

, we
have

yi-X.s-t-hereex.sk
a natural long exact Sequence :

. . . → t.PT/yi*stPYX)J*sHpYU ) slip! → . . .

p p

Remark :

1
. By vsing def PD one prove s

the ex istrice of the Long exad
-

Sequence .

2. Let X = X
, u

. . - UX
. .

Then

HIM) .tl?YXdo . . - ⑤ Hi
"
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↳ Fondamenta / class
.

A fondamentaI feature of BM homobgy is the ex istrice of the fmdamental class [XJ for

any (
not necessari 1g Smooth or compact ) variety X .

Propositori . tet X be a complex algebra Ic variety of dimension n . Then
BM

• t.li/X)--o for is an
,

and

B. Ha? (X) is a free abehan group
with a generatori for aaah n -dimensionaleredvable

Component of X .

Prof all vreehiable Component are n- dimensione

Assume fvst that X is Smooth and
pure} n - dimensionale In this case X is an oriented an man

;

fold
.

This

µ ;qq.ly
" -il = o far iszn

{ ti:(Nati
and the assertori tolbws by standard algebra ictpobgy .

Sndeed
,
re call that for a smooth complex

algebra ic varie} , its Connectd Component are the sama as its rreduib le ones (standard ex era
,

se) .

Now
,
we prove

the general statement by mdncton on the dimension n
.

Let Y be the Union of all irreduable Component of X of dimension less then n
,

together

with the singolar locus of X .
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Fact: Y is of dimension less then n and U -X.Y is Smooth and

pure} n -dimensioni

Thus
,

• H?
"

(Y)⇒ for is an -2
, by indulto hypothesis

BM

• Hi (U) = o for is an , sin a U is smooth (this we app} the fist case we have discussed)

By the Long exact sequence relative to Y- X- U
,
we get :

o.tl:

.tl?lNsHIlystIi..lD=oThvsH?n(X)=oforisznandHII(X)n-H? (U)
,

which is freely generated by the irreale;
the Component of U, which are exactty the astrakan s of the n - dimensionat Component of X. o

Remark :

ii.
"III is not homotop, invarianti e. g. .li?Tey .%

" È È
Let X be an rreehablevanety ,

lat X
"

be the smooth locus of X
.

Then

ti:* ehi:X,

Lett
.
.
. . .

,
Xr be the n - dimensionalirreduable Component of X. Denota :

) : = (Xi)
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Definition : LettaX be a closed subvarie} .We call the fondamenta l class of Y in X the
Image

of via the paper pushforward Hiiiin (Y) s t!!! (X) .

• Penny

Pioposition Sia X be a Smooth rrednable (not necessari} compact) variety of dimension n .

Then then exists a non - degenerate pering :

n : Han
. .

. A) xH://D.tl . = e

1¥ .
It follows from the

up product map

vi. HI Nati
"

sti
" -"

(x)

to gether with the Poincaré dal tg for the ghomdogy with compact supporti TÈ
-

ilX) = Hill)
o

Remark : ti:(D. Han
. .

.# atti (XI .

Ma Kiinneth formula

E a naturalismo rphism : : H?
"

④ tI://jn.tl?!(XxXa)
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• Pull back

Definition Let R be a commutative
,

Noethenan
ring

with unit
.
A Sequence a. . . . , ar of

elements of R is called a regular Sequence if the ideal
I generated by as. . . . , ar is a proper

Ideal of R and the
Image

of ai in R / fa. . . . . , ai . .) is a non - zero -
divisar for ist

, . . . ,

r
.

Example : so
. .
. . ..sc. E ftp. , . . . , form a regular Sequence .

Definition A closed embedchng i :X→ Y of complex algebraIc vanitas is a regular e mbedd.mg of

•dimensioni d if VoceX I an affine neighborhood UCY sud that if I cell) is the Ideal

detiming Xnu , then I is generate by a regular Sequence of length d .

Remark

1. Lets
,
be the ideal sheet of X in Y

.

Then the normal sheaf DI Y : § )
"

is a rank director

bundle
.

2. Let X and Y be Smooth vanitas
.

Then a closed embeddiy i :X →Y is regular.

Definition A morphismf :X→ Y bekeeen complex algebraicvanekes is flat if for UCY
,

ÙCX

affine
open

set with flu
'

) e U ,
the induced mapf? C'f)- c'µ makes C'µ) a

flat CIG) - module.
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Letti X→ Y be a noiph.sn . One can define the sheet of relative differential s d'× ,y ,which

At into the exact Sequence :

È → d'
×
- d'

×,
o

Definition A morphism t :X→Y is Smooth of relative dimension n if t is flat and of relative

dimension n and l'
×,

is a vector bundle of rank n .

A morphism t :X→Y is local complete intersecaton of codmanson d if f admts a Factor , zaton

X
i

. E 9 il
9

f

where

• i is a closed regular embedding of codmansion n , and

Bag is a Smooth morphism of relative dimension din .

Example Ang morphismbetween Smooth vanekes is t.ci .

Propositori Lett:X il be a lei nnorphism befween complex algebrici variekes of codme:
son d. Then §

È : ti:(

D.tl?:dx)PY.UsethesheaftheorekcdescripkonofBMhomohogy- cf.GG)
,
Seokon 8.3.31

.
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ConvolulTonsinBorcl-Moorehomohogy@BiringLetX.Y
be vai , ekes

,

embedded as topologico) closed subset into an m -dimensione oriented

Smooth man ,fold M
.

J up- product in relative •homdogy :

u : ti MM .# xttmsf.MY ) stimi-4M
,

M . )

it induces the Intersect panng (depenohng on M) :

n : Hi
"

xtb
"

atti
,
.nl/hD

↳ Correspondences .

Now
,

let Ma
,
Ma be smooth Connectdvanekes.tt/cM.xM , be a sub variety

sud that

the project X s Ma is proper
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We define an operator
④
×
:X!
"

(Ms ) sti:'(Me) corespondena

dependng on the fondamenti class EX] of X , in the following way :

p.is lei sina.M.MXMa are Smooth

t.TN
.
)
÷

.tl?YMxMa) "" sii!
" ""* stile )

ci sp:(c) i spicchi i

*
(piatti)

bere
,
4=17×142

lei :
*
KINNEY )

Remark :

1. dg (c) = deg (c)+2dm,X - 2dm, Ma
2. Let ce H!

"

(X) .

Simile} , we can define : H?
"

µ . )- HIIdgh.edu/m.)lMa ) .

Malik - Okounkov 's idea : Let X be a Smooth
quasi

- project Complex algebrale varie}
with a ÉI action

.
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Stato
"

.

"

Q : H!
"

#
*

t.tl?lNlequwanantlg )

R
"

=

"

stati . Stato

B. Composition of correspondences

Let Ma
,

Ma
,

M
,
be smooth vanekes and lat X

,
eMatt, and X» e MaxM, be subvanekes

such that

the project Xia SM
,
is proper

and the project X» ' M
, is proper

Thus
×
. .

and
↳

are we II. defmed
,
therefore it makes sensato considero

,

°% .

Question : is ° a corresponde nce ?

Assumpkon : Ps : pii (X.a) xp.is/Xas ) ' M
,
× M
,
is proper

Hera
, pi.si. Max MaxM , i Mextlgdenotes the prog action , fori, se fa,}

Remark : Not that piikdxp.is/Xas)--Xrxn.Xas--lXrxMDnlMaxXas)



16

Proposito .

Set XIX» =p. (Xrxm! ) . Then È; =% . ×
»

.

Definition
.

Define the con vohkon product:

H?
"

(X.a) ×HIV») stk.ad.me/mdlXnoX»)
(Cia

,
C
» )-c.a* Cas (Pn)

*( p! c.aspic»)

Propositori Q.iq
. .

=

* c
»

Eines :

1. Let M -- M
,
= Ma = M, and assume that Xia

,

X
»
CD (M)

,
where D:M→ MXM is the

diagonalembedding . Computer Xiao X» .

2
.
Let Mi.pt , f : Ma-sms proper morphism.

Set X
,

M
,xth = Ma and X

»
= Graphic) .

Da Show that X
,
o X
»
= Inf

.

a. Let ceh!" (Me) = tl!
"

(X» ) . Show that c * Graphics) = -44) .

3. Lett : M
,
→ Ma be a Smooth morph.sn and set X.i. = Graph (f) CM,

× Ma
,

M
,
= {pt} , X, Ma

.

M. Show that Xiao X» = Ma .

B. tetcetl!
"

(th) .tl?YXn) .

Show that Graphics) * ⇐Htt .
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Final remarK : the construction s descnbed before work for
any homdogy theory for which one

has proper pushforwards, fullback w.int. lei . morpheus , and fondamenta/ classes
,
e.g.

:

Go- Theory ,

Chow
groups , elhpkc cohomdogy

Il

G. (X) = { LE] : 5- oherentsheaf on X} /,


