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Lat G be a linear algebra,e group and let X be a G- variety with action 6 .

Let I (o, pa) : GXX > XXX
.

Definition The action o is proper if t is paper, and free if t is a closed embeddig .

Definition tet X be a G- variety with G-action 6 . A nnorphism ti :X→Y of variekes is a

geometrie
quo
Kent of X by G if :

B to 6 = to prx (i.e. , ti (g)c) = tifo)

VxeX.YgeGigsci-_olg.xDiBiTissurgeckvcj@YdGxXJ-.XxyX
;

• UCY open o» t' IU) Open;

B. Q
,
is the svbsheaf of

×
consisti
]
of invariant fmctons

.

IO
,
→

*Q )

Definition

We
say
that { (vi.Vi )} is a goal system of re presentakons far G ifeach Vi is a

ic.IN

G- representa Kon
,

Us Vi is a G- invariant Open subset saksfging the following con chkons :

Big acts free lyon vi and J a geometria quo
Kent Uilg ;

• Far cachi
,

J a G-representaKon Wise that Vi, = V.⑦Wi ;
B Vicks and the Incheon facto as Ui = Vi④ Io} E vi⑤Wi suis ;
B hm dimVi = tono ;

i→ +o

B cod
.my. (Vii!)

< cod.my/VsiUi) for is s .
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Example : let G = T = È .

We can chiose : Vi = È
,
vi = È'94

,
the T- action is

gwen by : g. (as , . . . , ai) = (gas , . . ., gai )

ThenWi = E , Tack freelyon vi and Uil = Ipi
"

Lemma (Heller. Malaga - Lopez, EquwanantAlgebra ic Gbordism)
Let X be a G-variety and lat { Ivi , vi)} be a goal system of re presentakons . Then
• for each i J Xx% = :X Iui ;

B - n- XP vi is quasi - proge dive ;

B. the morphisms Pig : Xx
'
vi→ XE Us is t.ci

.

Theorom (Heller. Malaga - Lopez, EquwanantAlgebra ic Gbordism)
Lat G be a linear algebra , e group . tet {Ivi , U.)} be a goal system of re presentatons .
For X a G-varie} , the i.th G- equivariant Bord -Moore homdgy group of X is

:

H! (X) : = hg ftp.ad.mg-iadmuik!

Then :

1
.
Hill) da s not depend on { Ivi ,vi )} ;

2
.
H! f) de fines a homohgy theory with the sane properties of the casual BM hannohogy theory

(in the category of G- variekes) .
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For X also Smooth (and equ,
dimensione) ,

the G- equvanant cohomohgy of X is :

% È BT = 1Pa
HIM lgtfkxou.in ①

ET = Totfqpafi ) )
Statement simile to ID and (a) hdd in this case

.

"I = "
*

("ft )

Remark : the proseoltre system {Uilg } representa classi§ ing Space
of G

.

Sina the action of G on

Vi is free
,
li '416 is a principal G- bundle for each G.

Example Leto = i. Then
l'
5
"
*

( vile ) =/;
#( IP)

HII pt) . E → tklptt.symltyr.ee . . . . . . a)

where t =L, e algebra of T, E. =D × .. e t' is the differential of X. : T-se
*

- i-th character
.

Remark : pull back with respect to p :X→ pt (X smooth) indios a graded module structure on Hot (X)
G

over HE (pt) . (also, H , ( X ) is a graded module over HÉ (pt) .)

• Resta cky the action and mduckon

Letti e G be a closed normal svbgroup of G.
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Facts :

1. The action of H on Vi is free
, Uil, = (4.1×4)/6 = :% ¥4 . exists

⇒ {Ni
,
vi)} is a goal system for H ;

2
.
Xx" vi > HIV; is smooth

This
,
we have

reso
,
"

: ti ) sti X) (and.it X is smooth, reso
,
"

: Hot d-È K) )

In particolar
,

for H = sega :

reso : H:(X) ah!
"

(X) (and, if X is smooth, reso : Hot st' (D)

Example : res
, :# (pt) stlfpt) "

sands
"

E , so for all i
.

Theo.cm/Hdler.Malagon-Lopez,EquwanantAlgebraicGbordism)
Letti be a closed normal subgrop of G. 6ns .de. Gas anti - schema with the action 1h

,g)→ gli.
Lett be a G-varieta '

the"

ftp://y.tl?lXx
,

"

G)

4x4
"
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• Geometria quokents

Definita

Let X be a G -variety and assume that XIG ex ist
.
We Sag that it

:X → XIG is a principal G- bundle

over XIG if it is faithElly flat and Y : GxXy
, p

Xxx, a X is an isomorphism.

(sorge e + flat)

Remark
.

1. This definition is equivalenti to the condition that it is a Lady isok.ua/f.brakonwithfberG .

> I

Let X be a G-variety and assume that XIG exisfs.tt {Ni , Vi )} be a gaod system of re prese:
tatons

.

One can prove that ti :X
E vi > XIG is a I.c. i. morphisn for each i. This J

*
*

: ti:(NG) stiamo IN

Propositon
. (Heller. Malaga - Lopez, Equwanantalgebraic Gbordism)

1
.

Assume that a :X → XIG is a principal G- bundle . Then It' is an isomorphism .

2
.

- "- the G - action is
proper .
- "

Hare
,
we work with

E-coefficiente
.
With E- coefficiente

,

only (il works ; with Q - - im
,

• Redvcton E a tous action also h

ht G be a Connectd radiative linear algebra ic group.
Let TCG be a maximo tous

,
let Te B be a Borel subgrap.

ht N be the normalizar of T in G and W=NIT the Weyl group .
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Facts :

1. J Watt! IX) action

r
.

E map tl! IN sti:(XY

Proposito in

tl! (X) sti:(X)
"

is an isomorphism.

Example ht X. pt and G.GL/n).LetT--lC*jandW=6n .

Then

HÉ (pt) . ti:(ptf.EE . .
. . .

.
Ì"

B Chen classe s

Let X be a G- variety with ao- action .

Definition We
Sy
that a lgherenttsheaf F of Q -modus is G-

qui
variant if the following conditions

hdd :

1
.

J a gwen isomorph.sn I
: ÉF '

> p F ;

( on GXX )
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2
.

Consideri

mxidx
GxgxX s GxX P»

: GXGXX ' GXX the project
)

idgxa ) 6

✓

✓ 6
GXX s X

and
(mxid I

Imxid ÉF s lmxidxjp E
~

SI

4dg o

µ; slidgxafpr ,

SI

ÌÉF [
,

> piip E

P23

The eqakon (PÉI) . (idgxo) = (mxid I hdds
,

3. Consideri { eglgx X sgx X : PII = id : 5- = fatto
~ stop Fsf

Pe

Example : the structure sLeaf Q is G- equwanantw.it. natural isomorphisms : 6*0×-1 =p Ox

Exerase : End the correctuotion of quinaria na
for a vector bundle E for which :

E is G- eguwanant o⇒ its sheafofsedten F is G- quwariant
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Propositon (Chen classe)

Let X be a smooth G-variety and ht E be a G-qui
variant vector bundle on it . Then

] ci (E) e HÉIX) for ist
.
. . .

.
ranklE)

Sketch of the prof : c? (E) = linci (Es) , where Es : = Exevi is a vector bundle on Xxoui
.

o

Definition Let E be a rank r G- eqvwanant vector bundle on a G-varie} X. We call qvvanant
Euler class e'(E) of E the top Charm class c? (E) .

Example : ht X=pt and G =

*

)
"

.

For
any

character

gi :(
*

I s È
, 14. . . ..tn)- ti

we have a 1- dimensional vector Space § .. with a G-action gun by gi .
It corresponds to a G- quivariant line bundle di on X. Then

c. (E) = Ei e ttf (pt) . c'les. . . . .a)



g

• Akgah - Bolt hacalzata theorem

ht G.E-¢ )
"

and ht X be a smooth T- variety .

Lemma (lemma 2.3, Iverson , A fixed point formula for action of Tori on algebraic vanekes)
The fixed point locus X

"

is smooth

T

Devote by za , . . . , In the Connectd component of X, which are Smooth .
tet in : 7, > X be the indisuon

,

which is a regular closed embedding .
ht Ng be the normal bundle of Z, in X .

It is a T-eguvar.at vector bundle and

et IN .) e ti E.)

Note that there ex ist

proper pushforward in * : H! (Ge ) stt! (X) and pull back ¥ : TÈ (X) s ttf ( Zio)

Lemma [corollay 2.6.44, (g)
For

any
aetl! (Ge ) , we have Io i. * (a) = a.è(Nr)
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Renmark : HF (X) and HE (Ex) are modus over Ri. = 1-È /pt) = E[& . . - in] .
Let K
,
:-. E (G. . . .a) be the field of fractions of HÌ /pt) . It maKes sensato consideri

H:(Nga
,

K
,

and HÌIEK) ④p, KT

Lemma [Atiyah - Bott, The manentmap and eqvwanantcohomohogy ]
è(Nx) is invertite in HÉ (Za)%

,

KT .

Thuram [Atiyah - Bott, The manentmap and eqvwanantcohomohogy ]
Leti : È- ✗ be the Incheon

.

Then

↳ : H:( ✗
'

/ ☒
p,
K
,
= È 1-È / 7<1×0%14

~

> HÌ %
,

KK
= ,

given by ix.

(a)
<

' ' Finta)

is an isomorphism, with inverse
given by

¥41
• ,
li*Ì

> (è(Na) %
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Example : Lett. È and X. E
.

Then X = {origin} and N> [ E = C'g. Then

e (N ) = - e

ht F- I and X. È
.

Then X! forgi and N - T.ci . Gigi

ÈYN ) = e. E

Let D
,

and by be the x -axis and the
g.
axis of E

'

, respeckvelg .

Then by locahzakon, we get:

iii. * lidi) )ci Hit ) . "! =

iv. è,

byabvseofnotakonfd.deHÉIÈ) denota i.* (Cdx)) , where [D.) eh! (D» ) is the
fondamenta l class

=

sti:( ix. ICDII ) )
=

(Givens.at) EIA
ética )) èltoey

=

E. E

{o} = (E)
t i

µ
? o → Tre siate . sND.az -so

a

Sx > D
,

in

{xerase:

1. ht F-¢)
"

and X.È
. Compite c! (N)

,

where N is the normal bundle of X
"

in X
.
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Remark :

Assume that X
"

is pro per .
We can define the equwanant integra as :

{a.È! ⇐ a. " "%
.

"

Bialynick, _ Bruta decompositori

Let ns start with the following propositon .

Propositori (Math .

stack exchange .com/qveskons/ 1540201)
Let X be a complex varie} . X is

paper o⇒
V Smooth

proper curve
C and Y UE Open, any morphism

f: U s X can be extended (unique}) to a morph.sn C → X
.

Let X be a Smooth project complex variety with a
ÉI action 6

.

Fix seeX and consideri the morphism

G. : c'
*

> X
E i soft

,a) = : t.sc
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By the lemma above, we get
¢

Gc
, ×

a 7

\
. E se

Dafne :

① * ①
*

!?
.

t.sc = : otto ) e X and ¥:•
t.sc = : è(a) EX

RemarK :

1
. Ecco, lemma 2.4 .) concerns the ex isterica of È

.

The
pro
of is based on

the analysis of Graphic») .
2

.

Not that X ¥ ¢ .

For
any

connectd Component 7 of X define the subset :

AltriE) :{su X : !: t.ae E} stable kttrackng variety

Rep (E) :-. { see X :&: t.sc e} mskbk variety

RemarK : Carrel -Sommese and

atyah.ba#skdiedlun)skblemamfddsassoaatedwithasym=pleckcmsn.to/d with the action of a compact tous . When the mamfdd is Kohler
,
these mani-6 Ids

conespond to the above one s with respect to the action of the Complex,Keaton of the tous
- see [CG

, Chapter )
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Definition
.

A flat morphism p : Y > E between Complex varietas is called an affine

fibraKon of relative dimensioni d if t ze E J a Far.sk
, open neighborhood UCF sud

that then exists isomorphism
d

PIU ) ~

. v. × e

p
d

pre
-
U

L

the following is the main character, zaton of stable varie kes .

Iheorcm (Bialymcki - Bruta - 1973, 1976 )
1. For

any
connectd component 7 of X ,

Atti (7) is smooth and Local} closed , and

hm : Atto (E) SE

se i slim t.se
E-so

is an affine fibraKon
.

2. The relative dimension of the affine fibraKon lim is the dimension of Xj
,

where

z is an arbitray point of Z and XÌ appears in the È- de composition :

% X = ( IX ) (% ({ ×)
" = I. E = EX

{ve [X : t.v.tt for me ? me o } {ve [X : t.v.TT for me ? mio }
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3. For
any
ze E

,

[ AHH ) = ( EX):O (IX)!

4
.
X is the Union of the Alte (E)

'

s
, by raging of the connectd component t of X?

5. Thee existanorder.mg X = % of the connectd component of the Excel point to as
and a finite decreasing Sequence of closed su bvariekes of X sud that:

X = Xms Xm
. .

. . . - a X a X =p
1 O

sub that Xi Xi
,

= Atto (Zi) .

Remark : J a version of the theoremabove for the mstable vanekes
.

Example :
ht X=P

"

.

6ns , dei the ICEaction :

6 : E
*

xp
"

, pp
"

(t , Eco, . . -PD ) i sftnxo
,

C-
""

x.
,
. . .

,
txn
. . Pn)

(IP
"

) consists of the following points : zo : = (o , . . . O) , Z ,
i = § , 1,9 . . . , o] , . . . , Zn : = §, . . - , 0,1]
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1-hanks to B.alymcki -Bruta theorcm, Attrlzi ) is an affine space for l' = o, . . . , n .

This we head

on Ig to compite dm (Tz
.

.

IP
"

)
"

.

Exerase : venfy that the relative dimension of hm Atto (E) sfz . } is i .

Con
Sequence s of (5) from the Theoam

Not that

Altri! ) = X, is closed in X

Altri.lu?trHD=Xr
:

Altrft , tu . . . . Altri = XK

The subvanekes Altri?) 's form a so.ca/leda.parkkon .

Pioposition Assume that X consiste of a finite number of points . Then Ho;D (X) = o .
Root

.

Exerase using
the a- parkkon above .

Nate that for
any iefs, . . . .my,

Atto (E)di X., e Xi while is closed in X. Then

Atto (E) e Xi = (Xii Xi. . ) . Xi, = (Kiki. . ). (Xi.in/i.a)uXi-a--.-=UAHrtt.)=:Attifti)
ksi
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Remate :

1. the relation s on the indias labelli]
the connectof component of X is the transitive dos

;

re of the relation :

*µ ;) n⇐ + ¢ ⇒ iI K

2. Let
"

stato : ttf (X ) s HIYX )
"

be the stable envebpemap.
Then

,

for
any

Connectd Component 7 of X
"
*

and for
any equnanant class y in 7 :

Stabia) = pushforward of a class in Altre =
U Alto (E

'

)

7 ! E

Attento n : In the Construction of stable envebpes , X is any quasi
-piogeukve !


