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Goal of Today

We shalt introduce all the relevant motions and techniques to
prove :

Theo run Thee exist a unique map
of H:(pt) - modules

Stabia : Hill
"

) > ti:(×)

such that for
any

connected component =L of X
"
and

any je HÈ, (7) ,

the stable envelope

I :-. Stabilo)
Satisfies :

Ii ) supp £ c Altri (7) ;

Iii) SI
,

= ± e /N. / 7) )uy, where the Signs set
to that ± e /N.tt ) ) = E in tl; (pt) ;

Iiii) deg , si /
±
,

< { codini E
'

,

for
any ÈEE .

IR
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Malik. Okounkov 's setting
ht G be a radiative (linear algebra group

and Ict Ac TCG be a pair
of Tori

.

Denota by a ctcg the correspending ↳e algebra s .

Let X be a smooth connectd complex algebraIc variety and tet we Hot X, RI ) be an algebra ic

sympleckc form on X
.

Il

(non - degenerate closed)

Assume that:

1
.

J a propor morphism ti :X→ X. to an affine variety X. .

2
.

J action s of G on X and X. sub that it is G- equwanank Denota bg E :
GXX → X and

to : Gx X. >X. the actions . Tg
:X s X
x i s t (g,;) = : g. se

3
.
J a montand character g : G-> C'

*

sud that for
any go

G
,

we have Ìn =p (g) - no
,

and
g (a) = a tt aEA (⇒ A presenes the gmpleckc forma ⇒ X

"
is sympleckc)

4
.

X is a format T- variety .
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What is T- formahlj ?

Letta I. Recall that the tous- eqwanantohomohogy of a topologico space X is

Hill) :-. HYXXTET )
where

• BT . 7
"

,

• ET = Tot ( tifo
,p
. f.) ④ . . - ④ TI Qpofi) ,

where ti :B-1 → IN is the i -th prosatori
• ET→ BT is a principal T- bundle

• XÌET > BT is a fber bundle over BT
,
with Eber X

.

Attenton : if you do not
know Spectra Sequences , see Appendi x C in

> Gx. Little- Schenck
,

Tone vanekes

I 1

The Serie spectra ) sequence relative E Xx" ET s BT has Ea - term :

by universal coefficienti theorem

Ea
"

:-. H ! (BT
,

ti:(X; e ) ) . HPIBT ; gh' LX;D

and it
converge s

to It'" (XI' ET) = ti (X)
.

Definition We
say
that X is T- format if the above Spectra Sequence degenerate s at Ea .
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Proposito Sf H% ; ⇒ for add
q,
X is T- format

.

PProf Sina It' (BT) e c'§ , . . . , e with dgfei )», we have H (BT )⇒ for add
p .

Sina the

differential of the Spectra ) Sequence is :

di" : El" , e:*. 9
- ra

we get di = o ttrzz .
l

set R
, HTBT; = ttf (pt) .

Corollary
het X be a T- format space . Then

1
.
there exisfs an isomorphism of Rs - noche les :

Hill ) e Ripeti

In particolar, ttf (X) is a free Ri - module .

2
.

Assume that X
"

consiste of a finite number of points
,

set n = #X
"

.

Leti :X
"

→ X be the Incheon
.

Then

È : HITX ) si Htt . RÌ
"

is mgeckve .
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Poof
.

1
.
Exercise) Use the Leroy -Hirsch isomorphism .

2
. (Exercise) Atiyah -Bott localizaton theorem imphes that Ker /E) is a torsioni R, -module .

Thanks to (1)
,
the assertivi Follows

.

4

Back to our setting : the varieties we onside- have zero odd ohomobgy .

Let ✗ be a Smooth connected complex algebraic variety and bt ne Ho/X, RI ) be an algebra ic

Symplectc form on ✗
.

Assume that:

1
.

È a proper morph , sm Ti :X-> ✗
☐

to an affine variety ✗
o .

2
.

I action s of G on X and Xo such that it is G- equwanant.
☒

3
.
J a montand character

g
: G-> È such that for

any ge
G
,

we have Tgw = g (g) - no
,

and
g (a) = a Hae A (⇒ A preserves the sympleckc form w ⇒ X

"
is sympleckc)

4
.

✗ is a format T- variety .

Attention : Okounkov stated that condition H) Ould be removed .

Natation : we devote by keg
* the G-weight of w, ie , ti = dg .
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Chamber deComposition
Bacall that the set of character s t : A > È forma free abehan

group (= lattice) of rank the

rank of A. Denota it by Charta).
Similady , " cocharacters o :(

*

' A "

rank of A. Denota it by Gchar IA) .

Reed that J a

pony
:

c.
,

- s :(oche (A) × Charta) stbmi
'

,
e -4

(6, d) i s dog

set

Air : =
Gchar (A)% IR = IRI

""

Remark : Note incluson Air-a
.

Letyeàtr .

We defme

µ : = {veairlxh.co}
Let NIX

"

) be the normal bundle of X
"
in X

.

It is an A-equnanant bundle over X
"
.

Thus

NINI =?, "
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whoa

1. Dc Charta )

2
.

N
, is

the subbundle of NLX
") whosefibers are the eigen spaces

of the A - action correspending
to d

.

Definition We call D the set of roots of A
.

Equivalentlg , D is the set of weight a =D te at, wheie I appears in the decomposition of NLX
"
)
.

Not that D can be seen as a subset of afp = Char (A)④, IR .

Definition
.

We call at
can the root hyperpiane associated with a ED .

Fact : the complemento of the union of the root hgperplanes at for as D admits a parkKon into

Open
subset Ci

,

call ed chambers
,

which are its Connectd component :

qàl !d) = ! ci

Leto e Gchar (A) . It Indias a EFaction on X by (t.sc )- Holt),x) .
Ne denota by X

"

the fixed point locus of this Éackon .

: If of at for any ae D,
I = X "

.
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Definition Let C be a chamber. A point see X is sand to be C- stable if for any go
( a %

character
,

the limit !?
.

qq.sc exists
.

Fact : If !:{ftp.xexists, it bebngs to X
"
and it das not depend on the chan of oe C.

Notturni
.

We denota !:
.

Htt . x far oec by line (a) .

Let 7 be a connectd component of X
"

.

6ns, dei the subset

Altre (E) = { xeX : x is C- stable and hmdx) e}

Note that the A.action on X can be
"

lineanzed
"

,

i.e.
,

the following hdds :

Ìheorem (sum. hiro
, Equivariant completa)

Let G be a Connectd linear algebraIc group and let X be a Smooth quasi -progettare G- varie} .

Then J a finite - dimensional vector space
V
,
a repre

sentaKong : G > GLIV) and an embe?

ding p :X s INV)
,

which is e quivariant in the following sensei.

tolga) (g) ftp.vxeX ,

V. geg
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This
,
we have the following :

Theorcm

Altre(7) is Smooth and Local} closed , and
the following map is an affine fibration :

hm : AH:(7) > E

se i > hmdx)

Partial coder by attraction
Fx a chamber C

.

5 a partial ordering Sc on the set of connected Component of X
"

defined as the transitiva closure of the relation :

Altri n È # ¢ ⇒ Éscz

tomma For
any

connected component =L of ✗
$

,

the following set is closed :

Altri (7) ÷ W Altre IÈ
Èsit

Poof
.

ConSides the
proper morphism Ti :X→✗

o

with Xo an affine sub variety .
Then is an induced H- action on to such that the

map it
is A - equi

variant
.



10

ht Xo s V be an A. equnanantembedd.mg into a linear rcpresentakon V of A .

(see [Proposta 1.9 ,
Brian

,

Introduction to actions of algebrae groups)) .

Letoe C and onside the indvced C'± action on V. Set:

V
»

: = spam { ve V : t.v.TT for m > of

Foot : it ( AHEIE) ) e Xon ! .
This follows from the characterizaton of orbit closures - see (Propositori t.li, Example i. 12

,
B ) ) .

In particolar, forse e Altre (E) ⇒ disc) e V» ⇒
J !?

.

Htt . tipo )

The
pro permessofa imphes that I ÷!:{ ftp.x e Altre (7) n X

"

.

Let È be the connectd component of X
"
which contams È.

Then

àe Altre it
'

⇒ E
'

see and × e Altre (E) ⇒ se e AHEIÈ)

e
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Example

X = l'
*

IP? Conside

(ÉkAcT=A
> action on the f.bers with weight -4

where the A-action on X is indiced from the action on 6
""

gwen by characters demoTed

by na, . . .

,
un -

We identity IP
"

with its zero seckonins.de X. Then

X
"
= { po = (1,9 . .

,
o)
, p.

= § , 1,9 . . .

,
o) , . . .

, pn
=§ . - -

, 91) }

Set n = , and n : = na. For te A = È and Ge,g)ehi, the A-action is :

E. pc ,y) = fthx , y)

We have a roots :

g.µ. . jcair.ir with % Ì
&

.
Des D resembksomesetappeanyml.ie Theory ? D e -7 SI (e)
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Then

are IR = (+watwc .

where

(
±
= { scelta :c ±gas = u.sc > o} and a! { o }

Now

time
,

4) = !:Oolttx = !:(LE:c, y) , v ) =p. =L:o) o⇒ To be completed

time
+

(a) = !:Oolttx = !! (Lt
""

se
, y) , v ) =p,

=Gf o⇒ To be completed

time
.

(a) = !:Oolttx = !:(LE:c, y) , v ) =p. =L:o) o⇒ To be completed

time
.

(a) = !:Oolttx = !:(LE:c, y) , v ) =p,
=Gf o⇒ To be completed
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Supporto
↳ti :X_ X be a closed T.invariant subset.

Re call that we have a Long exact sequence in eqnvariant Borel - Moore homology :

- . . oh )
l'
*

siiii (µ '
*

stplx.ly stipi . si - -

Definition We
sig
that pe HIYX) is supportadon't if

ÌIPD(D) = o

or
, equivalently , the re exists a class te (Y) su ch that

ix. (f) =PDIO)

If y is supporto on Y
,

we use the notatori : Supply) e Y .

Pdarizatun

Let E c X be an invariant closed subvanetg .

Reca Il

1
.

I fondamenti class [E]
,

2
. (E) = PD (e (N (7) ) ,

where NIE) is the normal bundle of 7 in X
,

3
. deg e INIZI) = codmir (E)
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Let E be a connected component of X
"

.

Fix a chamber C
.

Then I a decomposition into A -Weight that are positive and negative con C
, respeckvely :

(
> < a

,
o > zo ,

se CN (E) =N , (E)④ N. (E)

-

Facts : the sympkckc form inducas : IN+ (E) )
"

= N
. (7) ④ ti

↳
ivi al line bundle with G- action with

Weight 4

The character corresponding to the weight h is Final on A} ⇒ Facta : ✗ e D ⇒ - ✗ED

Facts

Natation :
i :X- ☐

✗ closed T- invariant subset. forzeHÌH), we set y , y
: = È (y ) .

The retore
,

the following class is a per feat Square : roots that ocar in N (7)

è=(→""%%µqyÈÉieH:pt
'

'

⇒

Definition A chain of a Square
root E EHI (7) is calleda polari zaKon of 7 in X

.

The
sign in ± e /N- HD agrees with polarizakon if ± e /N.IE )) e HÌ(E) resticts

% E in HÈ (pt) .
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Degree in A

Fact : Sina the A- action on X
"
is Trivial

,
we have

Hill
"

) e ti:D ④

dual

Definition Leto e HÌIX
"

) .

The degree deg, (g) is the degree of y in eta] via the factor ,zakon C'È = ④ e a)

Ma in Theorem

Fix a chamber C and a polari zakon E of X
"

.

Theo run Thee exists a unique map
of HI (pt) - moddes

Stato
,.

: Hill
"

) stk IN

sud that for
any

connectd component E of X
"
and

any y
e ttf," (E) ,

the stable envebpe

I :-. Stabulo)
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Satisfies :

Ii ) supp £ c Altri (7) ;

Iii) SI
,

= ± e /N. / 7) )uy, where the sigh agree s
with the polarizakone ;

Iiii) deg ,/ S'↳ )
< { Coding(È ) for any ÈEE .


