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Recap

6ns,der Ac T tori
.

Da Chambers

set
rk (A)

air : =
Gchar (A)④

,
IR = IR

air = Char (A)☒, IR

Morcover
,

the
paving

< -

,

. > : Gohar (A) ✗ (ha - (A) > I extends

< .

.
. > :

air ✗ afp > IR

Definition We call a root a character de Char /A) which appears in the deComposition

NIX
"

) = § N
,

of the normal bundle NH
"

) of X
"
in X

.

Let Dc ( hai /A) be the set of roots .
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chambers
We have

qà ( Va
' ) = 4. È

✗ED

B. Polarizzatori

Let 2-CX
"
be a connected component

Definition The polar , zaKon of I is a Formal chain of a sign in :

roots that ocar in N (7)

E =

⇐d'm (E)

±Fai
i-1

The
sign in ± e /N.tt/)agreeswithpolarizakonif-i.elN.I-tDeH-I(--)restricts

K E in H:(pt) .

• Degree in A

Fact : Since the A- action con ✗
"
is Trivial

,
we have

H:(×
"

) > ti :# ( ✗A)☒ c'{tj
Eletta]
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Definition Lety e ti:(X
"

) .

The degree deg, (y) is the degree of y in Efa] via the factor ,zakone (E) = ({a) ④ E[tia)

Example
het ✗ = 1-

*

IP
"

,

A=¢jl=A
acting on IP

")
> scaling the Ebers with weight t

Then

HE (TTP
"

)= ( (c
, ns , . . . , un f) ck.ua) . . - K - nn )

1-
*

IP
"

equwar.at/yreFactstolP
"

wherc i. = ca (Qpnt ' )) .
Recall :

✗
"
= { po -_ f. °. . . ., o] , . . . , Pn -_ [°. . . -

,
91)}

ÀÉH" ) . qua
.
. . .

.
un

,hij
""

Then

dega = degna . . . - , un
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Main Theorem

Ex a chamber C and a polari zakone of X
"

.

Theo run Thee exist a unique map
of H:(pt) - moddes

Stab : HÌIX
"

) > ti:(×)

such that for
any

connected component =L of X
"
and

any je HÈ, (7) ,

the stable envelope

I : -- Stabia)

U Altre / E
'

)
Satisfies :

2-§CE

li ) supp £ c Altri /7) ;

<

"

mora / ly
"

,

PD (Stab
,
f) ) = [A E)] no

=L

Iii) [
'

↳
= ± e /N. / 7) )uy, where the sigh agree s

with the polarizakone ;

Iiii) deg ,/ £1
,
) < { CodingÈ ) , for any ÈEE .
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Prof: Uniaty
We shalt

prove
the following claim :

claim : Iet pre Hf (X) best.
1

. supp (a) c Altri (7) for sone connected component E of X
"

.

2
. dega(y,) < { codimp(E

'

) t connected Component È of X
"

.

Then 8--0 .

leti
: 7 -☐✗ be a connected component of X

"
such that Supply) e Altr' (E) .

Lt ns factor I as f, o fzofj.

E-4> Altre /E)È Altri (7)È ✗

regular closed embedding open embeddnng closed embedding

Moreau
,

Joe HÌ / Altri (E) ) st. (G) * (a) = PD (y ) .

Then we have

PD (Ely )) = e /N.IE/)nf:-Ela )

Attention : N (Altri (E)) -- N- (E) )

Now
, deg, e /N. (7)) = {ochm (7) (cf. definition of polanzaton ! ) , andIR
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e IN-17 )) . : HF (X) > HÌIX)

is an injedtvemap, since e /Ntt )) is invertite in tl
,
- (X) ④

µ; g.↳
Frac (HÈ (pt )) and

✗ is format
.

By hypothesis, deg , Ely) < {codini (7) . ThisIR

deg È(a) > 2dm, -2 ⇒ f.
*

È (a) = o

Sina Altre(7) is an affine f. bratton over -2
,

f? is an isomorphism.

This

*

fatto
,

i. e.
,
a -- o over Altre (E) c Altri (7) :-. U Altre (E)

Èsit

Thvs
,

Supply) e W Altre (7) = W Altre (E
"

) with È« E
7-
'

< it
E-
"

seÈ

By argumginchd.ie/y,wegetj=o.

Wow
,
if £
,
and % in tl (X) satsfy li ) , Iii), (Iii ), y : = £

,

- SI saksfies f) and (a) ⇒ f-o ☐
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To
prove the existence, Ictus recall what a correspondence is .

↳ Correspondence .

Wow
,

/et Mea
,
Ma be smooth Connected varieties .

tet ✗ CM
,
✗ Ma be a subvanety

such that

the projection ✗ > Ma is proper

Letce HÉIX)
.

We define on operator

: H?
"

/Mia ) > H!
"

/Me) correspondence

in the following way :

I (Ma)
È

> ti:(Mate) " >Hip)
""*

> ti:(Ma )T

81 >

p! (g) i > p:(g) nei >PD
*
(État)

#
<
(y) : - PD

*
( p:(Uno))
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Remark : deg È (g) = deg/g) + degli ) - aol.me/Ma)

Definition A T- equivanant cycle is a - linear format Combination of fundamental classes of

invariant sub varieties :

L : -
-Egizi)

Recall that :

• EcX is isotropia is uygsm = o
,

wherc È
"

= { te -7 : z Smooth pt}
• ZCX is Lagrangiani if I is isotropia and dim -7 = { di:X .

Definition Agde ( = [ a,/%) is lagrangiani if each % is Lagrangiani .

Lemma (Gemma 3.4.5. . No] )
het Le ✗ be an A-invariant Lagrangiani subvanety such that Le AITÉ (7) for sone
Connected Component =L of ✗

"

.

Then I ! a lagrangiani cycle L
'

such that

• supp /L' - E] ) chi Altri (E ' ) ,
7-

'

<it

• deg, / l' |
,

.
) < { odm ,RÈ ) for any È« È .
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Remark : from the Lemma
,
we get L' =#y, such that

1. 4
Altri (7) Altri (E)

2
. deg,/ L'|

,

) < {aol.mn/È) for any 2-
'

<
e
-2 ( Attention :p, provides this "corrector" to

The T- variety ✗ ✗ ✗
"
is Simpleckcw.r.t.tw, - w,

✗
µ
) .

Proposition
5- a T- invariant Lagrangiani Cycle Lc on ✗✗ ✗

*

, prope- over
X
,

with the following prope;
Kes :

Ii ) for any
fixed Connected component =L of X

"

,

the resti ckon of he to ✗✗ 7 is

Supported on Altri (7) ✗ È ;
= ± e /N.tt)) n [D] , according to the fixed polarizakone, whee D= diagonal;Iii ) "

↳☒

Iiii) deg, /Lq ) < {codimir /È) for any 2-
'

<
e
-2

.

2-
'

✗E

Poof of the existence of Stabia : Stab : = !
Le
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Prof of the Proposition :

according to the polari zation

Fx a connected component =L of X
"

and set ± Lz : = [ f- '

(D)) ,

where

f : Altre (E) ✗È > -2×-2 and Dc Ex -2 - diagonal
×
, y ) i > (hmdx), y )

i. e.
,

f-
'

(D) = VIA#dsgy} ) ✗ {y} ) c ✗ ✗ ✗
"

ye E

Fact: Hye -2
,
Altre /{y}) is Lagrangiani - e f. [Hansel - Hitchin, arXiv : 2101.08583

Proposition 2.10]
✓

Fact: Lysa A-invariant Lagrangiani Cycle .

It is endent that ↳ is supported on Altri /E) ✗ 2- .

Moreau
,
cone can check that :

↳↳
× ,

= e /N - (E) In [A]
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By applying the preuous lemma ,
J ! yz sul that L'z:-. ↳ + je saksfies Iiii)

.

We define

Le :-. [ L'£
=L

We are lett to prove
that supp /Lc) > X is proper .

Lt ✗
o

> V be an A- equvar.am/-embedding into a linear representation V of A .

(see [Proposition 1.9 ,
Brian

,

Introduction to action of algebrae groups]) .

Leto c- C and onside the induced È- action on V. Set:

V
»

:
-

- Span { ve V : t.v-tmvforms.io} and V. = { ve V : t.ir = v}
Facts :

1
.
Ho = V.④ Ho ⇒ I g : Ho > Vo Projection ;

2
.

Ti
"

/ V» ) = : ✗
+
= ¥ Altra)

By construction ,
supp (Lc ) e +

✗

☐
×
"

w.it
. got

: Ì
'

/%) > Vo .
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We are teff to prove that ✗ +
✗
v.
|
"

> ✗ is
proper .

This is equivalent
to
prove

that

✗
+
✗
v.
|
"

> ✗ "
> ✓

is Proper, since it
is
proper . The above composition is equivalent to

✗
+
✗

v.
✗
" "

>↳ ✗v.v. > V

The retore weshould
prove

that ↳ ✗µ > V is
proper : this is straightforward.

☐

Example

✗ = IP? Gnsider

È=AcT=A
> action on the Ebers with weight 4

Forte A > È and Gg) eh? the A-action is :

E. E.g) = [Éx , y)
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Weidenkfylp
"

with its

zeroseckonins.de/.ThenXA=fp.=f.oJ,p.--E.I}
We have 2 roots :

✗ (E) =L.
"

D-- {a, -dgcairn-kwtht.at , .li"
Then

dirette (+ wa
>
WC
.

where

(
±
- { scelta :< i-qxs-u.sc > o} and al:{ o }

We have

Altra
,
/ p. ) - ÌIÈ ad Altre

,
/A) =P:{ p. }Po

Altro
.

/ p. ) .lt:{ p. } and Altre
.

/a) = -1:P
'
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Altre.li:) Altro
.

/p.)
"

È:{piùHipolito and

{ p.}È{ Ps} and {p.gs?fPo}
Theatre

, Finally we get

State
,
/p. ) . - [ T:P] and Stale

,
/ p. ) = [IP

'

] + [ I:P]

Stata
.

/po ) :[li
'

/ + {I:D
" ) and Stab

,
_

(a) = - [ ¥11
")

R
-matrix

set R :< H? /pt)
,

K Frack)
.

È : uptlocahzakonateIN.tt ) ) 's, Stab is invertite
.
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Definition Rei
,
Stabj

'

,

• Stab
,

c- End / TE, /✗A)④rk )

Example
✗ = IP

'

,

E- Ac F- A ✗È asbefore
.

As we sawbefore :

H:(✗
"

) > [ {nyj
"

; H://yn-eki.li?q.n
,

with

[po] and [p . ] =
• EH:(X)qakn n

Stabat =

,

- eln.HN/)ulp.j---n(c-nn-)=u-c
( ii )

Simlarly :

Stab
.

/ {pi ) = - c ; Stab
,

/ (p. )) = - c-h ; Stab,
_

(Ipi ) -- n - c- L

This
,
in
the basis { [po]

, [p.) } , we have the matias :

state
, =p

" "

o u.li ) and Stab
.
=p
""

:)
-ti
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This

Stab: =
"÷, |

" °

ti - In.it ) )
Thereforc

Re
,

= (Y ? ) = Yang R -matrix


